Topic 9: Hypothesis Testing: Two-sample Tests
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Two-sample Tests

Two-Sample Tests

|

Population Population ) .
Means Means Population Population
Independent Related Proportions Variances
Samples Samples
Examples:
Group 1 vs. Same group Proportion 1 vs. Variance 1 vs.
Group 2 before vs. after Proportion 2 Variance 2
treatment
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Difference Between Two Means

e The Z test for the difference between two means is a test
statistic used in hypothesis tests about the difference between means
of two populations.

Goal: Test hypothesis or form
a confidence interval for the
difference between two
population means, p; - py

Population means,
independent
| samples

o, and o, unknown,
assumed equal The point estimate for the
difference is:

o; and o, unknown, — =
— not assumed equal Xy = X5
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Difference Between Two Means: Independent Samples

e Different data sources

o Unrelated
o Independent

> Sample selected from one population has no effect on the sample
selected from the other population.

Population means,
independent
samples

Different data sources:

+ Unrelated

« Independent (sample selected
from one population has no
effect on the sample selected
from the other population)

0; and o, unknown,

Use S, to estimate
assumed equal —

unknown o. Use a
Pooled-variance t test.

0; and o, unknown, Use S; and S, to estimate
not assumed equal ——{ unknown o; and o,. Use a
Separate-variance t

test
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Hypothesis Tests for Two Population Means (1 of 2)

Two Population Means, Independent Samples

Lower-tail test: Upper-tail test:
H,:p2p, H,:pu <p,
H <y, H o> p,
ie. ie.
Hy:op—1,20 Hyop—1,<0
H oy —p, <0 Ho:p—pu,>0
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Two-tail test:

Hy:pyo=

H o p #p,
ie.

Hy:p—1,=0

H oy —p,=0
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Hypothesis Tests for Two Population Means (2 of 2)

Two Population Means, Independent Samples

Lower-tail test:

Upper-tail test: Two-tall test:
H,:op—pu, 20 Hy:p—p,<0 H i —pn,=0
H :p—p,<0 H g —p >0 Ho:p—p, #0
VAN
e la 2 2
Reject HO if tSTAT < *[a Reject HO if tSTAT > [{l Reje(:t Ho iftsmr < 7ta

Oltgqr >1,
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Hypothesis Tests for Two Population Means (assume oy = 0,) (1 of 3)

Assumptions:

e Samples are randomly and independently drawn.

e Populations are normally distributed or both sample sizes are at least
30.

e Population variances are unknown but assumed equal.
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Hypothesis Tests for Two Population Means (assume oy = 0,) (2 of 3)

e The pooled variance is:

2 (m— 1)S? + (m —1)S5
P (m=1)+(m-1)

e The test statistic is:

. (X1 — Xo) — (11 — p2)

V3Gt )

t has d.f. = (n + np —2)

where
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Hypothesis Tests for Two Population Means (assume oy = 0,) (3 of 3)

e The confidence interval for g — po is:

_ — 1 1
X1 — Xo) &+ tay]S2(— —
(X1 — X2) £ tg p(n1+n2)
where
ta has d.f. = (n1 + ny — 2)
e
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Example: Pooled-Variance t Test

You are a financial analyst for a brokerage firm. Is there a difference in

dividend yield between stocks listed on the NYSE & NASDAQ? You
collect the following data:

NYSE NASDAQ
Number 21 25
Sample mean 3.27 2.53
Sample std dev 1.30 1.16

Assuming both populations are approximately normal with equal variances,
is there a difference in mean yield (aw = 0.05)?

o e | -
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Solution (1 of 3)

o Ho:pi—pp2=0ie (u1=p2)
Hy:pin — po # 0 e (1 # pi2)
e Pooled variance is:

g2 _ (m—1)Si+(mn—1)S3
P (m—1)+(np—-1)
(21 —1)1.30% + (25 — 1)1.16

(21-1)+(25—-1)

e The test statistic is:

L+ 1) V150214 + )
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Solution (2 of 3)

a=0.05,df =214+25—-2=44
Critical values: t = £2.0154
Decision: Reject Hp at o = 0.05

Conclusion: There is evidence of a difference in means.

Reject H, Reject H,

025 § .025

—2.0154 0 20154 ¢
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Solution (3 of 3)

e Since we rejected Hyg can we be 95% confident that
INYSE > [INASDAQ”
e 95% confidence interval for UNYSE — UNASDAQ:

_ _ 1 1
(X1 — Xp) & tay[S2(= + —) = 0.74 % 2.0154 x 0.3628
2 ny no

= (0.009,1.471)

e Since 0 is less than the entire interval, we can be 95% confident that
KUNYSE > LNASDAQ
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Hypothesis Tests for Two Population Means (assume oy # 0,) (1 of 3)

Assumptions:

e Samples are randomly and independently drawn.

e Populations are normally distributed or both sample sizes are at least
30.

e Population variances are unknown and cannot be assumed to be
equal.
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Hypothesis Tests for Two Population Means (assume o1 # 03) (2 of 3)

e This test utilises two separate sample variances to estimate the degrees of
freedom for the t test.

e The test statistic is:

. (X1 — X2) — (111 — pr2)
S

m

where

X1 = mean of the sample taken from population 1

S? = variance of the sample taken from population 1

np = size of the sample taken from population 1

X> = mean of the sample taken from population 2

53 = variance of the sample taken from population 2

ny = size of the sample taken from population 2
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Hypothesis Tests for Two Population Means (assume oy # 0,) (3 of 3)

The separate variance t test statistic follows

e approximately a t distribution

e with degrees of freedom, v, equal to the integer portion of the
following calculation

(EL §z)
— ny ny
Ly (Zy
-m’ + _m
n—1 np—1
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Example: Separate Variance t Test

You are a financial analyst for a brokerage firm. Is there a difference in

dividend yield between stocks listed on the NYSE & NASDAQ? You
collect the following data:

NYSE NASDAQ
Number 21 25
Sample mean 3.27 2.53
Sample std dev 1.30 1.16

Assuming both populations are approximately normal with unequal
variances, is there a difference in mean yield (o« = 0.05)?
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Solution

Ho:p1 —po=01ie (p1=p)
Hy:py—po #0ie. (p1 # po2)

e a=0.05 df =40

e t test statistic: 2.019

e Critical values: t = +2.021

e Decision: Fail to reject Hy at o = 0.05

e Conclusion: There is insufficient evidence of a difference in means.

Reject H, /\ Reject H,
.025 |

—2021 0 2021 ¢{ ‘
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Excel Output

A B c [=] E F G H | J
te-Variances t Test
1vaiances)

5 Intesmedizte Caloulation:
& [Pop. 15ample Variance 169|=692
17 [Pop. 2 Sample Vaisnce 1356|6132

15 Pop. 1Sample Variance ! Sample S 0.0804762|=B16ET
B Pop. 2 Sample Variance { Sample Sii _0.053824|=B17/BT1

20 | Numes ator of Degrees of Freedom
21 | Dencmiator of Degrees of Freedom | 0.0004445)| = (818" 2B 7-1+ BIF2MET-1)

22 [TotalDegrees of Freedom 40574353 =B20/621

23 Degrees of Freedom 40| =INTIE2Z)

24 [Separate Variance i 0 3665| = SARTIETE+E13)
25 [ Differerce inSamgle Means 0.74| =68 - B12

2t Test Statistic 20019 =(625 - B41B24
o7

% Two-Tail Test |

29 Lower Critical Value ~2.021|=-T. V. 2T(BS B23)

=TIV 2T(B5.623)
DIST.ZTIABSIE26) 623)-64
=IFIB31<BS,"Reject the null hypothesis™."Do not reject the null hypothesis”)
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You Do It

The financial aid office of a university asks a sample of students about
their employment and earnings. The report says that “for academic year
earnings, a significant difference (p = 0.038) was founded between the
gender, with men earning more on the average. No difference (p = 0.476)
was founded between the earnings of black and white students.” Explain
both of these conclusions, for the effects of gender and of race on mean
earnings, in language understandable to someone who knows no statistics.
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Comparing the Means of Two Related Populations (1 of 4)

e Two approaches that involve related data between groups are possible.

e In the first, items or individuals are paired or matched according to
some characteristics.

e In the second, you take repeated measurements from the same set
of items or individuals.

e If you know the population standard deviation of the difference scores,
use the Z test for the mean difference.
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Comparing the Means of Two Related Populations (2 of 4)

Assumptions

e Differences are normally distributed

e Or, if not Normal, use large samples
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Comparing the Means of Two Related Populations (3 of 4)

e The j-th paired difference is D;, where
D; = Xij — Xai

e The point estimate for the paired difference population mean pp is D:

Note: n is the number of pairs in the paired sample [ Curtin University | ‘ 50,
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Comparing the Means of Two Related Populations (4 of 4)

o 7 test for the mean difference
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% Curtin University 50



The Paired Difference Test: Possible Hypotheses

Lower-tail test: Upper-tail test: Two-tail test:
H,:u,=0 H:u,<0 Hy:p,=0
H oy, <0 H :pu,>0 H :p,=0
3/\ /\2
-, 2 '« :
Reject H,ifty,, <, Reject H,ift,, > 1, Reject H, if 1, <1,
2
Ofty,, >t

STAT a
2
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The Paired Difference Confidence Interval

e The confidence interval for up is:
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Example: Paired Difference Test

Assume you send your salespeople to a “customer service” training
workshop. Has the training made a difference in the number of
complaints? You collect the following data:

Salesperson

Number of Complaints:
Before (1) After (2)

(2)-(

Difference, D,

C.B.
TF.
M.H.
R.K.
M.O.

6 4
20 6
3 2
0 0
4 0
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Solution (1 of 3)

[ ] Ho UD = 0
Hi:pp #0
e =0.01,df. =5-1=4
e D= Sl — D _ —4.2, 5p = —Z":l,fi_mz = 5.67
e Critical t values: tg o5 = +4.604

Test statistic: t = Q}D@ = igj_§7;° =
vn V5
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Solution (2 of 3)

e Decision: Do not reject Hy

e Conclusion: There is insufficient evidence of a change in the number
of complaints.
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Solution (3 of 3)

e The confidence interval for pup is: D + t%%%

e D=—-42 Sp =567

99% confidence interval for pp:

—4.2+ 4.604E

V5

= (—15.87,7.47)

Since this interval contains 0 you are 99% confident that up = 0.
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Comparing Two Population Proportions (1 of 3)

e Goal: Test a hypothesis or form a confidence interval for the
difference between two population proportions (w1 — m2).

e Assumptions: mm; > 5, ni(1—m1) >5
oy > 5, m(l —mp) >5

e The point estimate for the difference is p1 — po.
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Comparing Two Population Proportions (2 of 3)

e In the null hypothesis we assume the null hypothesis is true, so we
assume 71 = mp and pool the two sample estimates.

e The pooled estimate for the overall proportion is:

X1+ X2

P

where X7 and X5 are the number of items of interest in samples 1 and

2

7
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Comparing Two Population Proportions (3 of 3)

e In evaluating differences between two population proportions, you can
use a Z test for the difference between two proportions.

7 _ (p1 — p2) — (m1 — m2)
VPL-P)(& + 4

X1+X2 X2

ith 5 — _ X — X2
Wlthp—n1+n2 pl_nlpz_"'Q
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Hypothesis Tests for Two Population Proportions (1 of 2)

e You can use this Z test for the difference between population
proportions to determine whether there is a difference in the
proportion of successes in the two groups (two-tail test) or whether

one group has a higher proportion of successes than the other group
(one-tail test).

Two-tail test One-tail test One-tail test
Hym=morm—m=0 Hym=zmoram—m=0 Hym<=morm —m=0
Him#morm—m#*0 Hy iy <morm—m<0 Hym>morm —m >0
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Hypothesis Tests for Two Population Proportions (2 of 2)

Lower-tail test: Upper-tail test:
Hy:m—m,20 Hy:m—m,<0
H:m—-m,<0 H:m-m,>0
VANVAN
) z,

Reject H,ifZ,,, <-Z, RejectH,ifZy,, >Z,
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Two-tail test:

Hy:m-7,=0

1 2

Reject H,ifZ;,,, < —Z,
)

orz >Z

STAT a
2
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Example: Two Population Proportions

Is there a significant difference between the proportion of men and the
proportion of women who will vote Yes on Proposition A?

e In a random sample, 36 of 72 men and 35 of 50 women indicated
they would vote Yes.

e Test at the 0.05 level of significance.
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Solution (1 of 3)

e The hypothesis test is:

Ho : 1 — m = 0 (the two proportions are equal)

Hy @ 71 — 7 # 0 (there is a significant difference between proportions)
e The sample proportions are:

— Men: p; = 36—050
— Women: p, = £ =0.70

e The pooled estimate for the overall proportion is:

X1+ X 36 + 35 71
P= i m 72150 122 08
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Solution (2 of 3)

e The test statistic for m; — o is:

7_ (p1 — p2) — (m1 — m2)
\//3(1 —B)(% + )
_ (050-0.70) — (0)
//0.582(1 — 0.582)(% + &)

=|-2.20

e Critical Z values = £1.96 (for a = 0.05)
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Solution (3 of 3)

e Decision: Reject Hy

e Conclusion: There is evidence of a significant difference in the
proportion of men and women who will vote yes.

Reject H, Reject H,
.025 .025
-1.96 1.96
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Confidence Interval for Two Population Proportions

e The confidence interval for m — my is:

(pl—pg)j:Z%\/pl(l_pl) + p2(1 — p2)
n ny

e The 95% confidence interval for m; — w5 is

0.50(0.50) | 0.70(0.30)
72 50

(0.50 — 0.70) + 1.96\/
= (—0.37,-0.03)

e Since this interval does not contain 0, we can be 95% confident the two

proportions are different.
oo SO
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Testing for the Ratio of Two Population Variances

Hypotheses Forir
H,:0} =0}
H ol %0} s?
H,:cl <o; S_22
H :o} >0}

Where:

¢ = Variance of sample 1 (the larger sample variance)
n, = sample size of sample 1
S; = Variance of sample 2 (the smaller sample variance)
™, = sample size of sample 2

m —1 = numerator degrees of freedom

m -1 = denominator degrees of freedom
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The F Distribution

e There are two degrees of freedom required: numerator and
denominator.

e The larger sample variance is always the numerator.

« When F= 2, dfi=m —1,df=n—1
2
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Finding the Rejection Region

L2 2
H,:0] =0,

2 2
H, 0] #0;

a
2
~ F
0
Do not Reject H,

rejectH, F,

Reject H,if F,,, > F,

R
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0

. 2 2
H,:00 <o;
.2 2
H ol >0,
L
N~
Do not Reject H, F
reject H, Fa

Reject H ifF,,, > F,

% Curtin University




Finding Lower Tail Critical Values

e You calculate F;, a lower-tail critical value on the F distribution with
ny — 1 degrees of freedom in the numerator and ny — 1 degrees of
freedom in the denominator, by taking the reciprocal of F;, an
upper-tail critical value on the F distribution with degrees of freedom
‘switched’ (i.e. ny — 1 degrees of freedom in the numerator and
n1 — 1 degrees of freedom in the denominator).

1
F[_:T
FU
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Example: F Test

You are a financial analyst for a brokerage firm. You want to compare

dividend yields between stocks listed on the NYSE & NASDAQ. You
collect the following data:

NYSE NASDAQ
Number 21 25
Sample mean 3.27 2.53
Sample std dev 1.30 1.16

Is there a difference in the variances between the NYSE & NASDAQ at
the o = 0.05 level?
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Solution (1 of 2)

e Form the hypothesis test:
Ho : 0‘1 = 02 (there is no difference between variances)
Hy : 02 # o2 (there is a difference between variances)

e Find the F critical value for o = 0.05.

e Numeratordf. = nm —1=21-1=20

e Denominatordf. =n, —1=25-1=24
* Fo = Foors,2024 = 2.33
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Solution (2 of 2)

e The F test statistic is:

Lo 2
H,:0; =03

H,:0lz0o}
2 2
ST 130°
Fopiy =G5 =1 1o =|L256
2 . 5 =02
D
0. F
Do not Reject H,
reject H, Fo =233

e Decision: F = 1.256 is not in the rejection region, so we do not reject Hy

e Conclusion: There is not sufficient evidence of a difference in variances at

a = 0.05.
-
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